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This PaPer is devoled
t: .. ,.1-

to thc folloning Problem Posed b]' A. Grothen-

operalor from E

or F is of the

$ provided that

Lct,E ancl F bc tlvo Banach spaces stlch that eterl'
into F ii nuclear. Is E ol F finite dimensional ?

\\re shall sho*'that tltc ansrver ii 1'es provideci that E
Ll'pe €.

Delinition A Banach space E is said to be of the type

il everl' comPosition

(*)
" 
,o'! O'I t, i co

finite dimensionai or E
is au al;solutell'silmmidg operalor.t.htl E is eitirer finite dlmensional or r

rL^ .na^oc / /n\ fpnrrivalentlv. E' contains unifornll'
"oniri", 

unifoimly the 
'ipices /-(n) (equir-aleltfl-'

complcmentea suuspac.t i"-tt:itr,1'up itr"' /t(n)) i co)' HereJ denotes the

canonical inclusion.
The notations ancl terminology is standard' I

If everl'' composition 1*; aetines 1n-lb:o\"j:ll; flllTl:*",10'i"l"lorl.nii
,n"# Jl;:i'; ;;':iig"6";"','h*^;;ff.;,It: titistt.lt{i1 io'-au' ,5 e (E', /:)

;;; r";"iir^,'-n) "ni io tutii " ta"te 'e'iannot'coirthin lor P:2 or P: co

sequences ot u.,iior*t1:.;-pl;;;i.a- *ntp*"i 'F'"lrvith.sup di{.": /'(n)), < 
-1'

Thenererynanaci,,pageg.rrhichcontainsalSequenceoftr.complenren.
tecl sLrbspaces Eo ..'ii; A;t; L(nl).< i-i;; 'o"t* 

p'=-{1'.2"o} is of the

t]'pe q. .\ccording to-it"'ntoio'itturt in [3] and li:t:.'f ln t"l it follott's

that er.en. Banach ;p;;; ;;;r; dual is'complemlnt_ed i* a Banach lat-

iice (ll;as local *nc-onclitional st.ucture in the sense of Gordon and Lervis)

is alio ol thc tYPe 9.
_;''','*').*iljectct.lssific:rtitlns(1rJ7Cr;.Prirnrry.16I}15

llcccivcd l)ccember L' 1977'
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REII-{.RK. Let E be a Banach space. Then er.erv operator
is the point\\.ise limit of a net Sl rlith S. e S(/,,, E1 atrci
Jl orcover

;it(T) :'1;m ;t(Sj)'
Proof. In fact, if {e"}, denotes the canonical basis of /., rr.e can produce

the operators S* sirnply' b1' defining S(.) : 
" 

a ,o, . ) f* 1r,1 f'or eaeh
finite subset a ( N. .

Lemma. An infinite- Banach space E' of the tl-pe g ccntains uniformly
the spaces /-(n) providecl thal

(I.Sv')'e lL(/.., /,o)

for everv T e 9(E, I,) ancl S-e S(., E).

Prooi. Notice that i.:

yc,flicg e fJr(c6, cs)

farel-silr' [i **(aa, #'] a*cl e1'sry Jl€$(ld, S). In feet, i/*X,uli),* (Urr$*
e.R"J'and t[us (JeR'eU)" en.(^ /r), Here Q denotes the canonical embe-r
dding of E into E". By the closed;Qraph rheorem'n'e check the esistence of
a positive l1 > 0 such that 

.

l.

. r.r(7 rf'oU) < .l/l[Rll 'iitiii 
i

for er-erv Li e S(co, .E') and er:errl' fi e S(/., E). According to our Remark
abor-e this implies that

r:1fi o5.I) 6 :rijSjl.jlTj!

lor every ? e 9(eo, E') and every S e g(E', Ir) and o'ur result follorvs.
lVe can now prove the follorving :

Theorem A. Let E, F be trvo infinite Banach spuccs( ancl let .E llc of
the t1'pe $. .i

i) if S(.L, F) - II,(8, F) thcn J?' conlains uriiturmty the spaces l.(n)

T e 9(E', Ir\
lis.il < ll?ll.
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and F is isomolphic to a Hilbert space.
ii) If 'T e 9(i", E) implies T' e lfr(E', Fi) then E e ontains uniformly

thc spaces /*(n) and F is isomorphic to a Hilbcrt spacc.
.We shail prove only ii). First notice the existence of a constant J/ > 0

suclr that ;r(?') E llllTli for all T e9(1:, Q. Dvoretzky's theorem on
almost sferical sectious of convex bodies asserts that for every E > 0 and
erer)'neN there exists a closed subspace GCF oicodimensionnandan
isomorphism S:/.(n) -*FlG suchthatilSil.liS-'ll < 1+ e. if Re8(lr(n), E)
and 7 : I; n ItlG is l.lrc cattonicalnrapping Lhcn n1((Il"S-')') : nr((Ii.5-t"?)')
d t/llil";)--'opll < jllll/lil.llS-'ll and thus

zr',(/l') - rr((/?.S-r"S)') ( zrl((.IioS-1)')llSll < M(1 + a)llnll.
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For ?€ g(Ia, E) put R,: Tltz(n) and Iet Pn bethe canonical projection
irf l, onto fr1nl..Tn'en Tx- tim n,"f,1c) for all r€/, and thus our Remark
above impiiei that n,('?'):;lim n1(("FiooP,)') < r(1.* e)ll?il so that by
Lcmnrn ibove .B conlains rrnifolmly tltc 'spaccs /*(n).

Then there esists a constanL C> 0 iuch that n'(T) (jtllti.1ot 
31t

Te 91/1(n), F'), n € N. Norv cltoose an onlo mapping .? € g (/r(I')' r'')
ioa i a iuitairte.index sct. Then g is absolutely sumrning and 9 93.1. 

b9

facloled through a Hilbcrt spacc.'Thcrcfore F is isomorphic to a Hilbcrt
spaec.' Tlieorem B, Lct E ancl F be tn'o Banach spaccs and let .E or F be of

tr,e-i5:f"-Q-. it "(.ry operatol from E inlo F is absolutely. summin_g anrl
trl,per:nirjoiizing (i.e., the adjoinb is absolutely suurrning) then E or f is

finite dimcnsional.
Proof. Suppose that -E and F are iniinite dimensional'
it ^A' ir of i5u typ. $ thbn, tby Theorcm A (i) t5e cauonical inelusions

l,(nf-- lr(n) can le"dxrciraecl Lo operatot's To ee(F'.Fl.rvithsup .lif'11 <. *'
ip contradictiol" rvilh the fact that t|c ianonical itrclusion 7'.: l, - l2 is

;;;;l;tr;;sjoriziqg, Tlrert Ji alrd f qrr?t..lqf\i ie. infinire ditnensional'- -lf iiir of'rlis rlfiu-$ tlreri iry Tlrooioirr A(ii) il'irt irqsnigrnhis ts ii Hil'
berL space anct lr coiiaihs a s*qi,.n.u of ;;iililtly iomeiintdntecl ru5-spacer

Fo suc5 that sup iif,, l-trll 2 o. Then therE 
-cxists- a cons[ant ilf > 0

i.irri.f, i".r 'ot it.p.'ni oi;i'such that'''(?) (, jt/llTllforevcry 1 e g(/2(n)'

t.(n)), contradiction.
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